Abstract. We obtain conditions for the map C A,B (V ) = AV B to be frequently hypercyclic on Banach algebras of operators on Banach spaces. If T is an operator satisfying the Frequent Hypercyclicity Criterion, then the linear map C T (V )=T V T * is frequently hypercyclic on K(H), the algebra of all compact operators on a Hilbert space H. We also characterize frequently hypercyclic C M * ϕ ,M ψ on the traceclass of the Hardy space, where M ϕ denotes the multiplication operator associated to ϕ.
Introduction and Preliminaries
A continuous operator T on a topological vector space X is said to be hypercyclic if the set {T n x : n ≥ 1} is dense in X for some x ∈ X. It is said to be frequently hypercyclic if there exists a vector x ∈ X such that the set {n ∈ N : T n x ∈ U} has positive lower density for each non-empty open set U ⊂ X, where the lower density of A ⊂ N is defined as dens(A) = lim inf N →∞ card{n∈A: n≤N } N .
Frequently hypercyclic operators were introduced in [9] , and further studied in [2] , [3] , [8] and [21] . Let us now recall a sufficient criterion for an operator T to be frequent hypercyclic, cf. [16] , Remark 9.10. Proposition 1.1. (F requent Hypercyclicity Criterion) Let X be a separable Fspace. If D is dense in X and S n : D → X, n ≥ 0 are maps such that for each x ∈ X, (a) n≥1 T n x converges unconditionally, (b) n≥1 S n x converges unconditionally, and (c) T n S n (x) = x, ∀n ≥ 0 and T n S m (x) = S m−n (x) for m > n, then T is frequently hypercyclic on X.
For separable Banach spaces X and Y , the algebra of all bounded (resp. of all compact) operators from X to Y is denoted by L(X, Y ) (resp. K(X, Y )). The notations L(X) and K(X) are used for L(X, X) and K(X, X) respectively. The real vector space of all self-adjoint operators on a separable infinite dimensional Hilbert space H is denoted by S(H) and is equipped with the topology of uniform convergence on compact subsets (COT). Also, for p ∈ [1, ∞) the Schatten vonNeumann classes S p (H) are defined as the space of all operators T ∈ L(H) for which the approximation numbers (a n (T )) ∈ ℓ p , where a n (T ) = inf{ T − F : rank(F ) < n}, n ≥ 1, See [5] and [19] for details on the Schatten von-Neumann classes. For a T ∈ L(X), the left and right multiplication operators are respectively defined as L T (S) = T S and R T (S) = ST . Also, if T is a bounded operator on a Hilbert space, then the conjugate operator C T is defined as C T (S) = T ST * . The topology of pointwise convergence and that of uniform convergence of compact sets are respectively denoted by SOT and COT. Hypercyclicity in spaces of operators was initiated in [17] and subsequently studied in [18] , [14] , [6] and [13] . The map L T was considered in [18] , [14] and [6] and their general form C A,B (S) = ASB was studied in [13] . Recall that a Banach space X is said to have the approximation property (AP) if the identity operator I on X is in the COT-closure of the set of finite rank operators on X. If X has the AP, then finite rank operators are norm-dense in K(Y, X) for all Banach spaces Y , cf. [16] , p. 299. See also [5] , [15] and [20] .
Theorem 1.2. (a) [17] and [18] An operator T on a separable Banach space X satisfies the Hypercyclicity Criterion if and only if L T is SOT-hypercyclic on L(X).
(b) [14] Suppose that X * is separable and X has the AP. If T satisfies the Hypercyclicity Criterion, then L T is norm-hypercyclic on K(X) and COT-hypercyclic on L(X). (c) [13] If T satisfies the Hypercyclicity Criterion on a Hilbert space H, then C T is hypercyclic on S p (H), K(H) and L(H), where the latter space is given the COT and 1 ≤ p < ∞.
In Section 2, we derive a sufficient criterion for C A,B to be frequently hypercyclic on the algebra of compact operators on Banach spaces and give applications to the unilateral and bilateral shift operators. In Section 3, we continue the study in the Schatten von-Neumann classes of a Hilbert space. Finally in Section 4, using an eigen value criterion, we characterize the frequent hypercyclicity of certain linear maps of the form C A,B on algebras of operators on ℓ p and the Hardy space.
Frequent Hypercyclicity in K(X), L(X) and S(H)
We first obtain a sufficient criterion for the frequent hypercyclicity of C A,B on the Banach algebras L(X, Y ) and K(X, Y ), where A ∈ L(Y ) and B ∈ L(X). Denoting the one-rank operator x → x * (x)y by y ⊗ x * , where y ∈ Y and x * ∈ X * , we have 
* is separable and Y has the AP. If Φ is norm-dense, then the set ∆ is norm-dense in K(X, Y ) and COT-dense in L(X, Y ).
Proof. The proof is omitted as it is similar to the case X = Y given in [16] , p. 280 and p. 299. See also [7] , p. 199.
Using the above proposition, we prove:
, where X and Y are separable Banach spaces. Let D be a norm-dense set in Y and Φ a countable weak*-dense set in X * .
Let S n : D → Y and J n : Φ → X * , n ≥ 0 be maps such that for each (y,
is norm-unconditionally convergent, and
Then the following hold.
(2) If Y has the AP and the set Φ is norm-dense, then C A,B is norm-frequently hypercyclic on K(X, Y ) and COT-frequently hypercyclic on L(X, Y ).
Proof. As Y is a separable Banach space, we may assume that D is countable. Let
where the closure is taken with respect to the operator norm. Then F (X, Y ) is separable since the set
By (a) and (b), the series n∈N C n A,B (F ) and n∈N L n (F ) converge unconditionally in the operator norm because the sum over k has only finitely many terms. Also,
Hence C A,B satisfies the frequent hypercyclicity criterion in F (X, Y ) and consequently, it is SOT-frequently hypercyclic on L(X, Y ) since ∆ is SOT-dense in L(X, Y ) by Proposition 2.1. This proves (1) .
If Y has the AP, then
is dense in K(X, Y ) with respect to the operator norm. In addition, if X * is separable, then by Proposition 2.1, the aforementioned set ∆ is norm-dense in K(X, Y ). Proceeding as in part (1), we conclude that C A,B satisfies the Frequent Hypercyclicity Criterion in K(X, Y ) and hence it is norm-frequently hypercyclic on K(X, Y ) and COT-frequently hypercyclic on L(X, Y ). This proves part (2).
Theorem 2.2 leads to the following corollary, which generalizes Theorem 6 in [3] .
Corollary 2.3. Suppose X is a separable Banach space and A ∈ L(X) satisfies the Frequent Hypercyclicity Criterion. Then (1) L A is SOT-frequently hypercyclic on L(X).
(2) If X * is separable and X has the AP, then the L A is norm-frequently hypercyclic on K(X) and COT-frequently hypercyclic on L(X).
Proof. Part (1) is immediate from Theorem 2.2 by taking X = Y , B as the identity operator on X and Φ as any countable weak * -dense subset of X * , which is possible since the dual of separable Banach space is weak * -separable. Also, choose J n as the identity operator on X * for each n ≥ 0. Since A satisfies the Frequent Hypercyclicity Criterion, we can find mappings S n and a set D as in Proposition 1.1. To see the part (2), take Φ as any norm-dense subset of X * .
Corollary 2.4. Suppose X is a separable Banach space and B ∈ L(X).
(1) If B * satisfies the conditions in Proposition 1.1 with respect to a countable and weak * -dense subset Φ of X * and maps J n : Φ → X * with B * (Φ) ⊂ Φ and J n (Φ) ⊂ Φ, is norm-frequently hypercyclic on K(X) and COT-frequently hypercyclic on L(X).
Proof. In Theorem 2.2, choose Y = R or C according as X is a real or complex Banach space. The result now follows with A = I = S n , where I is identity operator on Y and n ≥ 0.
For more applications of Theorem 2.2, the following lemma about the unconditional convergence in K(X, Y ) is required.
Lemma 2.5. If u n is unconditionally convergent in Y and (u * n ) is norm-bounded in X * , then the series u n ⊗ u * n is norm-unconditionally convergent in K(X, Y ). Proof. Since a series u n is unconditionally convergent if and only if it is bounded multiplier convergent, cf. [12] , p. 149, we are only required to prove the convergence of u n ⊗ u * n in K(X, Y ) with respect to the operator norm topology. As ||u * n || ≤ K, ∀n ≥ 1 for some K > 0, the series n u * n (x)u n converges unconditionally in Y for each x ∈ X or equivalently,
Further, from the unconditional convergence of u n , the series j≥1 u * j (x)u j converges uniformly in the closed unit ball x ≤ 1; cf. [12] , p. 149. Hence, corresponding to ǫ > 0, we find an N ∈ N such that j≥n+1 u * j (x)u j < ǫ for all n ≥ N and x ≤ 1. Thus we have
i.e, lim n→∞ T n = T in the operator norm and the result follows.
By applying Lemma 2.5, we observe the following. Proposition 2.6. Let 1 ≤ p < ∞. If n≥1 |a n | p < ∞, then the series n≥1 a n e n+i ⊗ e * n+j is norm-unconditionally convergent in K(ℓ p (J)) for each i, j ∈ J, where J = N or Z.
Proof. As {e n } is an unconditional basis for ℓ p (J), a series n c n e n converges unconditionally in ℓ p (J) if and only if (c n ) ∈ ℓ p (J). Further, the sequence {e * n } n∈J of co-ordinate linear functionals associated to {e n } n∈A is norm bounded and the result now follows from Lemma 2.5.
Proposition 2.7. Let A ∈ L(X) satisfy the Frequent Hypercyclicity Criterion, B ∈ L(X), and Φ be a countable weak * -dense set in X * . Let also J n : Φ → X * , n ≥ 0 be maps such that for each f ∈ Φ, (a) the sets {(B * ) n (f ) : n ≥ 0} and {J n (f ) : n ≥ 0} are bounded, and
(2) If Φ is countable and norm-dense, and X has the AP, then C A,B is normfrequently hypercyclic on K(X) and COT-frequently hypercyclic on L(X).
Proof. In Theorem 2.2, let D be the dense set and S n : D → X for n ≥ 0 be the maps in the Frequent Hypercyclicity Criterion satisfied by A. Lemma 2.5 and the hypotheses (a) and (b) show that both the series
are unconditionally convergent in the operator norm for each x ∈ D and f ∈ Φ.
We now establish the frequent hypercyclicity of the conjugate operator C T (S) = T ST * . This is a simple application of Proposition 2.7.
Corollary 2.8. Let T satisfy the Frequent Hypercyclicity Criterion on a Hilbert space H. Then the operators C T and C T,U are norm-frequently hypercyclic on K(H) and COT-frequently hypercyclic on L(H), where U ∈ L(H) is unitary.
Recalling that an operator T on a Banach space X is power-bounded if sup n T n < ∞, we observe Proposition 2.9. Let A, B ∈ L(X), where X * is separable and X has the AP.
Let B * be invertible such that both B * and (B * ) −1 are power-bounded. If A satisfies the Frequent Hypercyclicity Criterion, then C A,B is norm-frequently hypercyclic on K(X) and COT-frequently hypercyclic on L(X).
Proof. Immediate from Proposition 2.7.
Theorem 2.2 allows us to find sufficient conditions on the weights (w n ) and (µ n ) for C Bw,Fµ to be frequently hypercyclic on different Banach algebras of operators on ℓ p , 1 ≤ p < ∞, where the backward shift B w is the operator B w (e 0 ) = 0 and B w (e n ) = w n e n−1 , n ≥ 1 and {e n } n≥0 is the standard basis in ℓ p . It is known that B w is frequently hypercyclic on ℓ p if and only if n (w 1 w 2 ...
Proof. To prove part (1), note that the linear span of {e * n : n ≥ 0} over the rationals is a countable weak * -dense subset of ℓ ∞ . Consider the maps S w and J µ defined by
for n ≥ 0. Let us take D = span{e n : n ≥ 0} and Φ 0 , the set of all rational combinations of (e * n ). Define
The condition (c) in Theorem 2.2 is satisfied. For the other conditions (a) and (b), consider the series
We only to need to show the unconditional convergence of the latter series fort x = e i and f = e * j . Indeed, by Proposition 2.6 and our hypothesis, the series
converges unconditionally in the operator norm and consequently, C Bw,Fµ is SOTfrequently hypercyclic on L(ℓ 1 ).
Part (2) follows from Theorem 2.2 since ℓ p has the AP and the set Φ is norm-dense in ℓ q , where 1 < p < ∞ and 1/p + 1/q = 1.
Remark 1. The above Proposition holds for any Banach sequence space X with the AP such that span {e n : n ≥ 0} and span {e * n } over rationals are norm-dense in X and X * , respectively and
converges unconditionally in the operator norm, for each i, j ≥ 0.
Proof. The Banach space adjoint of a forward shift F w on ℓ p is the backward shift B w on ℓ q , where p −1 + q −1 = 1 and 1 ≤ p < ∞. Part (1) now follows from Corollary 2.4, when applied to the countable weak * -dense set Φ ⊂ ℓ ∞ constructed in the proof of part (1) of Proposition 2.10. Also, part (2) follows similarly.
Our next aim to obtain the bilateral version of Proposition 2.10. For a = (a n ) n∈Z of a bounded sequence of nonzero positive scalars, we define the bilateral backward shift T a on the sequence space ℓ p (Z), 1 ≤ p < ∞, as T a (e n ) = a n e n−1 and the forward shift S a as S a (e n ) = a n e n+1 , n ∈ Z. It was characterized in [8] that T a is frequently hypercyclic on ℓ p (Z) if and only if
We have the following.
Proof. We apply Theorem 2.2. For part (1), choose D= span{e n : n ∈ Z} and Φ 0 = span{e * n : n ∈ Z} over rationals. Define the maps S and J as
Then D is norm-dense, and Φ is countable and weak * -dense. Moreover, T a S is the identity operator on D and S * b J is the identity on Φ. Further
So the series n T n a (e i ) ⊗ (S * b ) n (e j ) and n S n (e i ) ⊗ J n (e j ) are unconditionally convergent in the operator norm by the hypothesis and Proposition 2.6. Since ℓ p (Z) has the AP, and the above set Φ is norm-dense in ℓ q (Z), where 1 < p < ∞ and For N ∈ N, let C N be considered as a vector space over C and D µ be the diagonal operator D µ (f j ) = µ j f j on C N with respect to the standard basis
Proof. Omitted as it is similar to Propositions 2.10 and 2.12.
It was proved in [13] that if T satisfies the Hypercyclicity Criterion, then C T is hypercyclic on S(H) with respect to the COT. We now have Proposition 2.14. If T satisfies the Frequent Hypercyclicity Criterion, then C T is COT-frequently hypercyclic on S(H).
Proof. If A(H)
is the subspace span{x ⊗ x : x ∈ H} over R, then A(H) ⊂ S(H) and it coincides with the set of all finite-rank operators in S(H). Also, it is COTdense in S(H), cf. [13] . Let F S(H) denote the closure of A(H) in the operator-norm topology. We note that F S(H) is a separable Banach space and the map C T takes F S(H) into itself. Also, the inclusion map I : F S(H) → (S(H), COT ) is continuous and has dense range.
Let D be the dense set and S n : D → H, n ≥ 0, be the maps in the Frequent Hypercyclicity Criterion satisfied by T . Define L n : ∆ → F S(H) as
where ∆ = span{x ⊗ x : x ∈ D} and N ∈ N. The set ∆ is dense in F S(H), cf. [13] .
and hence, by Lemma 2.5, the series n≥1 C n T (F ) and n≥1 L n (F ) converge unconditionally in the operator-norm topology. Also,
S(H) → F S(H) satisfies the Frequent Hypercyclicity Criterion and hence, it is COT-frequently hypercyclic on S(H).
The following example is for illustrating the above results.
Example 2.15. Consider the unilateral backward shift B w on ℓ 2 and the unitary operator U(e n ) = λ n e n for |λ n | = 1 for all n ≥ 1. If n (w 1 w 2 ...w n ) −2 < ∞, then C Bw,U is norm-frequently hypercyclic on K(ℓ 2 ) and COT-frequently hypercyclic on L(ℓ 2 ) by Corollary 2.8. Also, C Bw is COT-frequently hypercyclic on S(ℓ 2 ) by Proposition 2.14.
Frequent hypercyclicity in S p (H)
The main aim of this section is to give a sufficient condition for C A,B to be frequently hypercyclic on S p (H). As a corollary, we shall see that the conditions in Proposition 2.10 can be weakened. Let us first prove Proposition 3.1. Suppose that T is an operator satisfying the Frequent Hypercyclicity Criterion on a Banach space X.
(1) If (I, . I ) is a separable Banach ideal of operators on X such that the finiterank operators of X are . I -dense in I and x ⊗ x * I = x x * for all x ∈ X and x * ∈ X * , then the left multiplication operator L T is frequently hypercyclic on I.
(2) If X is a separable Hilbert space, then L T is frequently hypercyclic on S p (X), 1 ≤ p < ∞.
Proof. To prove part (1), let D be the dense set and S n : D → X the maps in the Frequent Hypercyclicity Criterion satisfied by T . Since the subspace span{x ⊗ x * :
x ∈ X, x * ∈ X * } is . I -dense in I, and x ⊗ x * I = x x * for all x ∈ X and x * ∈ X * , we get that the set
is . I -dense in I. Consider the maps J n (x ⊗ x * ) = S n (x) ⊗ x * , where x ∈ D, x * ∈ X * and n ≥ 0.
Each J n is then extended linearly to ∆. Further
Since n T n (x) and n S n (x) are unconditionally convergent and
all m > n. Thus L T satisfies the Frequent Hypercyclicity Criterion in I. Also, it is easy to see that part (2) follows from part (1).
Lemma 3.2. [1]
Suppose that {T n } is a sequence of bounded operators on a separable Hilbert space such that T *
, where 1 ≤ p < ∞, and hence n T n converges unconditionally in S p (H).
To see an example, consider T n = 1 n e n ⊗ e n , n ∈ N on ℓ 2 . Now Lemma 3.2 shows that n T n is unconditionally convergent in the Hilbert-Schmidt class S 2 (ℓ 2 ), but the series is not absolutely convergent. Using Lemma 3.2, we establish the following. 
, n ≥ 0, where ∆ = span{x ⊗ y : x ∈ D 1 , y ∈ D 2 } and is dense in S p (H). Let us prove that C A,B satisfies the Frequent Hypercyclicity Criterion in S p (H). It suffices to show the unconditional convergence of
in S p (H) for every x ∈ D 1 and y ∈ D 2 . Consider the first series. To apply Lemma 3.2, write
Also, we have
From part (b) in the hypotheses, we obtain that T * n T m = T n T * m = 0, for m = n. Lemma 3.2 and the part (a) give that n A n (x)⊗(B * ) n (y) converges unconditionally in S p (H). Similarly we obtain the unconditional convergence of n S n (x) ⊗ J n (y) and hence, C A,B is frequently hypercyclic on S p (H).
An immediate consequence of the above theorem is the frequent hypercyclicity of the conjugate map C T on S p (H).
Proposition 3.4. Assume that span(D) is dense in H and T ∈ L(H). If
Let us apply Theorem 3.3 to C Bw,Fµ on S p (ℓ 2 ) and also to C Ta,S b on S p (ℓ 2 (Z)),
Proof. To prove part (1), choose D 1 = D 2 = {e n : n ≥ 0}. Let S w and J µ be the maps in the proof of Proposition 2.10. Then 
, where the latter space is equipped with the COT. For part (2) , consider the maps in the proof of Proposition 2.12 and choose
It should be noted that if the condition in Proposition 2.10 is satisfied for p = 2, then C Bw,Fµ is frequently hypercyclic on K(ℓ 2 ). On the other hand, Proposition 3.5 says that this condition can be weakened. This motivates us to ask: Is C Bw,Fµ is frequently hypercyclic on
The answer is yes; for this we need a simple lemma.
Lemma 3.6. The series n≥1 a n e n+i ⊗e * n+j in Proposition 2.6 is norm-unconditionally convergent if {a n } n≥1 ∈ c 0 .
Proof. It suffices to prove the norm-convergence of n≥1 λ n a n e n+i ⊗ e * n+j , ∀ (λ n ) ∈ ℓ ∞ since the unconditional convergence is equivalent to the bounded multiplier convergence. Since (λ n a n ) ∈ c 0 , we only need to prove that n≥1 a n e n+i ⊗ e * n+j is convergent in the operator norm.
Write T k = n≤k a n e n+i ⊗ e * n+j , k ∈ N. Then for k > m and x ∈ ℓ p , we have
Thus T k − T m ≤ max m≤n≤k |a n |. Since lim(a n ) = 0, the sequence (T n ) becomes Cauchy in K(ℓ p ) and consequently, the series n≥1 a n e n+i ⊗ e * n+j converges in the operator norm. The case of ℓ p (Z) can be obtained similarly.
Once we have Lemma 3.6, the following proposition can be easily seen.
and COT-frequently hypercyclic on L(ℓ p ), where 1 < p < ∞.
(4) If lim n→∞ (a 1 a 2 ..a n ) = ∞ and lim n→∞ (a −1 a −2 ..a −n ) = 0, then C Ta is COTfrequently hypercyclic on S(ℓ 2 (Z)).
Proof. To see part (1) and (2), proceed as in the proofs of Propositions 2.10 and 2.12 and apply Lemma 3.6. To obtain part (3), we look at the proof of Proposition 2.14. Then S n = S n w , where S w (e i ) = 1 w i+1 e i+1 and n ≥ 1. Also, we have
We conclude from Lemma 3.6 that n S n (e i ) ⊗ S n (e j ) is norm-unconditionally convergent for all i, j ≥ 0 since lim n→∞ (w 1 w 2 ..w n ) = ∞. Hence C Bw is COT-frequently hypercyclic on S(ℓ 2 ). Similarly one can prove part (4).
We end this section with an example.
Example 3.8. There exists a Hilbert space operator T such that the conjugate map C T is frequently hypercyclic on K(H), but T is not frequently hypercyclic on H. For this, consider the shift B w with weights
Then B w is not frequently hypercyclic on ℓ 2 , see [9] ; however C Bw is frequently hypercyclic on K(ℓ 2 ) by Proposition 3.7. Also, C Bw is COT-frequently hypercyclic on S(ℓ 2 ).
Some Operators of the form C A,B
In this section, we prove the frequent hypercyclicity of C M * ϕ ,M ψ defined on ideals of operators on some Hilbert spaces of analytic functions and that of the map C ϕ(B),ψ(F ) on ideals of operators on ℓ p . For this, we shall need an eigen-value criterion. we assume that this arc Γ is the maximal one. Consider the set
Claim: U is uncountable and for each z ∈ U, there exists an uncountable
To prove the claim, assume that both ϕ and ψ are non-constant. Let |φ(z)ψ(w)| = 1 for some (z, w) ∈ D×D. Observe that ψ(w)ϕ(D) is a non-empty open set intersecting a sub-arc Γ 1 ⊂ Γ. Since D is countable and Γ 1 \ D ⊂ ψ(w)ϕ(D), the set U has to be uncountable. We now fix a z ∈ U. The set ϕ(z)ψ(D), being a non-empty and open, contains Γ 2 \ D for some sub-arc Γ 2 of Γ. Hence there exists an uncountable
Let us now assume that ψ = c is constant and ϕ is non-constant. As in the previous case, the set U is uncountable since cϕ(D) is a non-empty open set containing Γ \ D. Also, for each z ∈ U, one can choose V 1 = D. Final case when ψ is constant is similar and hence our claim is established.
We now show that Λ = span{k z ⊗ k w : z ∈ U, w ∈ V } is dense in the traceclass S 1 (H). Let tr(.) denote the trace of operators in S 1 (H). Since the functions e n (z) = β n z n , n ≥ 0 form an orthonormal sequence in H, we have that tr(A) = n≥0 Ae n , e n , where A ∈ S 1 (H). Also, S 1 (H) * = L(H) and the duality-pairing is given by S, T = tr(T S), where T ∈ S 1 (H) and S ∈ L(H), cf. [19] or [20] . Let B ∈ L(H) such that tr(AB) = 0 for all A ∈ Λ. For A = k z ⊗ k w , we have Ae n = e n , k w k z = β n w n k z and
Ae n , B * e n = n≥0 β n (B * e n )(z)w n .
The above power series is well-defined for all z, w ∈ D, and hence it is an analytic function in the variable w for a fixed z ∈ D. Hence if we fix z ∈ U, then there exists an uncountable set V 1 such that
Since tr(BA) = tr(AB) = 0, β n > 0 for all n ≥ 0 and the set V 1 has limit points in D, it follows that B * (e n )(z) = 0 for all n ≥ 0. Similarly, since z ∈ U is arbitrary and U has limit points in D, we have that B * (e n ) = 0, ∀ n ≥ 0. Since {e n : n ≥ 0} spans a dense subspace of H, we conclude that B = 0 identically and consequently, the set Λ is dense. The proof is now complete.
The above lemma yields 
Proof. Observe that k z ⊗ k w is an eigen-vector corresponding to the eigen-value ϕ(z)ψ(w), i.e, 
) are continuous and have dense range, it follows that C M * ϕ ,M ψ is frequently hypercyclic on each of the these spaces.
In the case of classical Hardy space, we have the following characterization.
Corollary 4.4. Let ϕ and ψ be non-zero, bounded and analytic on D, with one of them non-constant. Then C M * ϕ ,M ψ is frequently hypercyclic on the ideals S p (H 2 (D)), to prove that span {e z : z ∈ U} is dense in ℓ p . Let x * = (x n ) ∈ (ℓ p ) * such that x * (e z ) = n x n z n = 0, for all z ∈ U.
Since n x n z n is analytic on D and U has limit points in D, it follows that x n = 0, ∀n and hence x * = 0.
Denote the space of all nuclear operators on ℓ p by N (ℓ p ), where 1 < p < ∞.
The trace of T is given by tr(T ) = n x * n (x n ), where T = n x n ⊗ x * n ∈ N (ℓ p ).
Using this notion of trace, the dual of N (ℓ p ) can be identified with L(ℓ p ) via the trace-duality S, T = tr(T S), where T ∈ N (ℓ p ) and S ∈ L(ℓ p ).
For these facts, we refer to [20] , Chapter 16. In the following lemma, the one-rank operator e λ ⊗ e µ on ℓ p is given by x → e µ (x)e λ , where e µ = (1, µ, µ 2 , ..) ∈ ℓ q , µ ∈ D, is regarded as a linear functional and 1/p + 1/q = 1.
Lemma 4.7. If ϕ and ψ are non-zero analytic functions on the closed disc D with one of them non-constant and |ϕ(λ)ψ(µ)| = 1 for some z, w ∈ D, then span {e λ ⊗ e µ : ϕ(λ)ψ(µ) ∈ S 1 \ D} is dense in N (ℓ p ) for every countable D ⊂ S 1 and p ∈ (1, ∞).
Proof. We write U × V = {(λ, µ) ∈ D × D : ϕ(λ)ψ(µ) ∈ Γ \ D}. As in the proof of Lemma 4.2, for each µ ∈ V , there exists a uncountable set U 1 ⊂ D such that λ ∈ U 1 ⇒ ϕ(λ)ψ(µ) ∈ S 1 \ D.
Let us now prove that ∆ = span {e λ ⊗ e µ : λ ∈ U, µ ∈ V } is dense in N (ℓ p ).
Assume that S ∈ L(ℓ p ) such that tr(T S) = 0, for all T ∈ ∆. In particular if T = e λ ⊗ e µ for λ ∈ U 1 , we obtain that tr(e λ ⊗ S * e µ ) = (S * e µ )(e λ ) = 0.
Since U 1 has limit points in D, the set span{e λ : λ ∈ U 1 } is dense in ℓ p . So S * (e µ ) = 0 for all µ ∈ V .
Similarly S * = 0 since span{e λ : µ ∈ V } is dense in ℓ q . Thus S = 0 identically and consequently, ∆ is dense in N (ℓ p ).
The above lemma gives the frequent hypercyclicity of C ϕ(B),ψ(F ) .
Proposition 4.8. Suppose φ and ψ are non-zero analytic maps on the disc D such that |φ(z)ψ(w)| = 1 for some z, w ∈ D, with one of ϕ and ψ non-constant. Then C φ(B),ψ(F ) is frequently hypercyclic on N (ℓ p ), K(ℓ p ) and (L(ℓ p ), COT ), where 1 < p < ∞.
Proof. Since φ(B)(e λ ) = φ(λ)e λ , we get C φ(B),ψ(F ) (e λ ⊗ e µ ) = φ(λ)ψ(µ)(e λ ⊗ e µ ) for all λ, µ ∈ D,
where e z = (1, z, z 2 , ...), |z| < 1. From Lemma 4.7, it follows that the set span λ∈S 1 \D Ker(C φ(B),ψ(F ) − λ)
is dense in N (ℓ p ) for every countable D ⊂ S 1 . So by Proposition 4.1, the operator C φ(B),ψ(F ) is frequently hypercyclic on N (ℓ p ) and hence it is frequently hypercyclic on K(ℓ p ) and (L(ℓ p ), COT ) for 1 < p < ∞.
